As we will illustrate later, the use of quasilinear forms is often at odds with the requirement of discrete conservation unless specialized mean-value linearized variants of the discrete quasilinear form are used. As a practical matter, obtaining simple expressions for these mean-value linearizations in closed form is often extremely complicated or even impossible. In addressing this difficulty, our goal is to develop a general framework that avoids these complications while still insuring that valid weak solutions of the conservation law system are obtained in the limit of mesh refinement.
As a motivating example, consider the scalar Cauchy problem in one space dimension and time u,t + (f(u)),_ = 0 for (x,t) 6 _ 
where Ai = _,, and NQ denotes the number of quadrature points.
In addition, the quadrature error in the flux divergence calculation is assumed to be of the .following form for all n and a given integer
by using a sufficient number of quadrature points. 
where _jk is a directed normal on F jk. (ii) For any constant C and fixed n, there exists C' (C) such that Vv n E Vh; Ilv_llL_(Rd) _ C. Consequently, 
where k is a integer as described in Assumption (H2) 
such that _h _ _ in the weak-, topology. Our next task is to show that _ = v and thus finally _ = v = v'.
To do so, let _(x, t) 6 C_°(R a x I_+ ), integrate _ vh in Q x [0, r], and use the definition of the shifted function
where a-l(i) denotes the inverse cyclic index permutation such that a(a-l(i)) = i. Due to use of gravity centers and edge mid-points in the definition of the dual cells Ci,
Using the integral mean-value theorem, points _i and _ 6 T can be found such that iT_xc, or dx= IC, nTIqv(Z,), STqOXC'-"°dx= IC, nZl_(N) .
(4.8)
where C is independant of h and N. Hence in the limit _ = v and finally _ = v = v'.
Let Vh, vh' and v'h denote scalar components of the respective vector-valued functions Vh, Vh' and v_.
By the same technique, we see that the components (v_) and (v_) have the same weak-* limit. It will now be shown that this limit is v 2. Once again appealing to the density of C_°(Q 
Using again the fact that DzVh is constant in a simplex, it follows that
The The following measure-valued bound exists for h --+ 0
where C(7_,f) is a constant that depends on Th and IID_+_f,_ll.
_7-,d+ 1
Proof. Choose _o(x, t) such that supp(_o) C Q x [0, T]. Recall that @_. = _--,i=x @_,T represents an in a simplex T. By direct calculation approximation of the flux divergence integrated
where e(h k) is the quadrature error in calculating the flux divergence. From Assumption (H2), this quadrature error is assumed to be of the form 
Next, apply Green's formula in each simplex to the first right-hand-side sum appearing in Eqn. (4.23)
Recall that 7rhqo and f are both bounded and continuous functions. 
Considering the second right-hand-side sum term in Eqn. (4.23), from Remark 1 (ii) it follows that Since IID=Trh_ll is assumed bounded by a constant,
where C is independant of h. Inserting this bound yields 
The space term is rewritten 
_-,
it is shown in the same paper that the matrix product _2jN, VMj E T and its appearance in the N-scheme always has meaning, even at stagnation points.
Hence forward, we assume that the matrix NT always exists in the sense just described.
Using these definitions, one can easily derive the following relationship for _T Note that the first term appearing on the right hand side of Eqn. (6.11) gives rise to a quadratic form with positive energy so our only concern is the remaining terms on the right hand side on this equation.
Before proving positive semi-definiteness of (6.11), we first review a simple result concerning the spectra of noncommuting matrices.
LEMMA 6. 
The second observation is that in a simplex T(MI, M2, Ma)
Under the assumptions of Theorem 3.1, the limit v of vh defined by the system N-scheme 
First observe that the upwind scheme (1.5) of Sect. 1 on a uniform mesh can be rewritten as
, I+./+1/2 = (a)++ll2(Uj+l --uj) (7.1) on successively refined meshes (Ax = 10 -2, (1/2) 10 -2, (1/2) 2 10 -2, (1/2) 3 10 -2 and (1/2) 4 10-3). To eliminate superconvergent behavior of measured error norms due to mesh uniformity, we make the spacing between successive mesh points alternate between the values Ax and Ax/2. In evaluating the distribution formulas (7.5), NQ-point Gauss quadrature formulas are used with 1 < NQ < 3 to validate Theorem 3.1.
Selected results are given in Table 7 .1 which tabulates L t, L 2 and L _ norms of the difference between the numerical solution u_ given by standard conservative scheme (7.1) and the nonconservative u_, c provided by the scheme (7.4) on meshes with decreasing Ax at time nAt = 0.5 (after the shockwave has appeared). (d) ).
10-'
10-* We have not run this case with a second order upwind scheme, but we believe that the same strategy could be used since quadrature with NQ,nln = 1 points is second order accurate. In fact, it can be shown formally that to recover second order accuracy, the "exact" total residual _j-+1/2 + _+ j+l/2 needs only be recovered up to second order accuracy to have a second order accuracte scheme, see [1] . Finally, we note that other tests have been carried out, for example with the flux f(u) = exp(u 2) with similar results. .3(a-d) show Mach number isolines for N-scheme calculations using 1, 3, and 7 point quadrature as well as the N-scheme using the conservative Z variables. Figure 7.4(a) shows Mach number isolines for the N-scheme using the adaptive quadrature procedure described earlier with parameter values NQmi,_ = 1 and NQm,_x = 3. 7.3. (a-d large difference between the one quadrature calculation and the other calculations. This difference is also clearly seen in the Mach number isocontour plot, Fig. 7.8(a) . Perhaps more importantly, Fig. 7 .9 shows that the 3 point quadrature (and 1-3 point adaptive quadrature) also produced incorrect shockwave locations on the baseline mesh, although the error is much smaller than that obtained using 1 point quadrature. Recall that for the transonic flow problem, 3 point quadrature was of sufficient order on the baseline and adaptively refined meshes for computing correct shock locations. Using 7 point fixed quadrature and 1-7 point adaptive quadrature yields solution shockwave positions in agreement with the conservative scheme. These results are also in agreement with the inequality (3.8) of Theorem 3.1, since the strength of the measure depends on the number of quadrature points but also on the supremum of a norm of higher derivatives of the flux, D_+lf, v. Estimation of this norm is difficult, but it is reasonable that this number tends to infinity as the maximum Mach number also tends to c_. However, since the flux f is analytical in v and the Mach number finite, the right-hand-side of (3.8) still converges to zero, albeit more slowly. Next, we examine the effect of adaptive mesh refinement. In the present analysis, we consider a more general construction of these upwind schemes which avoids explicitly constructing these exact meanvalue linearizations.
Our construction is well-tailored to systems of conservation laws with convex entropy 
